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Define the Bernoulli numbers by the power series expansion 
&= ,foB”$ (1) 
Let p be an odd prime. If the numerators of the sequence 
B,, B,, Bc,,..., B,-, (2) 
are all prime to p, then Fermat’s Last Theorem holds for exponent p 
(Kummer, “Collected Papers,” Vol. 1, pp. 274-297). Certain individual 
terms in Kummer’s sequence have a simple arithmetic interpretation, which 
gives information on their p-divisibility. 
For example, when p = 3 (mod 4) one has the congruence 
B = - E (mod p), (Dt 1)/2 - 
L 
where h is the class-number of U4(-p)“*) (L. E. Dickson, “History of the 
Theory of Numbers,” Vol. 3, p. 154, Chelsea, N.Y.). Since Dirichlet’s class- 
number formula yields the Archimedean estimate 0 < h <p, we see that 
B (D+ 1)/2 f 0 (mW0. 
In most other cases, the arithmetic interpretation of a term in Kummer’s 
sequence only gives an equivalent condition for its p-divisibility. For 
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example, whenp = 1 (mod 4) let E = (t + up”*)/2 be the fundamental unit of 
Q(p”*), with u > 0. Then one has the congruence: 
B = !!ff (mod p), (P-1)/Z - l (4) 
where h is the class-number of Q(p”*) (Ankeny, Artin, and S. Chowla, Ann. 
of Math. 56, 479493). Again Dirichlet’s class-number formula gives the 
estimate 0 < h <p, so the following are equivalent: 
B (p-1)/2 * 0 (modp) (5) 
E is not congruent to an integer (mod p). (6) 
Unifortunately one does not know that either of the two equivalent 
statements is true for all p. 
Similarly, when p = 7 (mod 8) the p-divisibility of B(,+ 1j,4 is related to the 
arithmetic of an elliptic curve E(p) with complex multiplication by the 
integers of Q((-p)“*). Indeed 
B (p+ IV4 g 0 (7) 
if and only if the p-primary component of the Shafarevitch group of E(p) 
“over Q((-p)*‘*)” is trivial (Gross, “Arithmetic of Elliptic Curves,” Springer 
Lecture Notes, to appear). Machine computation shows that (5) and (7) are 
true for all relevant primes p < 125,000 (Wagstaff, Math. Comput. 142, 
583-592). Needles to say, it would be interesting to find a prime p which 
. . 
divides either B,,- 1b,2 or B (Pt 1V4' 
